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Part ia l  D i f ferent ia l  Equat ions for  Heat  Conduct ion

Analys is  o f  Frozen Layer  Shi f t ing

In analyztr^g part ia l  d i f ferent ia l  equat ions for heat conduct ion on the analog computer,

the boundary face between two di f ferent substances has been usual ly assumed not to shi f t .

In  the  present  example ,  horvever ,  s ince  tempera ture  d is t r ibu t ion  in  the  process  o f  f reez ing

is  expressed as  a  func t ion  o f  t ime,  the  boundary  face  be tween f rozen and non- f rozen layer

is unintent ional ly displaced rv i th t ime, present ing a very interest ing way of  analysis by the

analog computer.

Phys ica l  Condi t ions

In  t he  p rocess  o f  f r eez ing ,  i n  wh i ch  t he  f . r ozen  l aye r  p roceeds  w i t h  t ime ,  sh i f t i ng

of  the boundary  face bet i ,veen f rozen and non- f rozen layers  occurs ,  and the pos i t ion o f

boundary  face and temperature d is t r ibut ion are sought  for  as  a  funct ion o f  t ime.  In

th i s  case ,  hea t  conduc t i on  i s  assumed  to  occu r  un id i r ec t i ona l l y .

0 2  t r
0 x z

g  L r- d o

6 I z  r .  0 2 t z-{o- : 12 -i--xt

Init ial conditions

F o r  0 : o ,

(  o { x ( D  )

( D { * )

t r  : t z : C r

a - o

: K r ( t )

(r.\

(3)

(4)

t c /

(6)

(7 )

d a
a 0

)  o ' r  I
/ t 

I 
--.i-' O 1

i1 t

F o r Q : O ,

Bounda rv  cond i t i o t - t s

( ) l l  I  d  ;
o t

, -  j i l
' O 1

r r
-  I ' Yr t-  

d 1

I J

t r  : t z : O

t z : C t

thermal  conduct iv i ty  o f  ice

thermal  conduct iv i ty  o f  water

spec i f i c  hea t  o f  i ce

spec i f i c  hea t  o f  wa te r

dens i ty  o f  ice

dens i ty  o f  rvater

i n i t i a l  t empera tu re
a t m o s p h e r i c  t e m p e r a t u r e
the rma l  conduc t i on  coe f f i c i en t  o f  a i , r

hea t  o f  f us i on
hea t  o f  f us i on
t i m e
t e m p e r a t u r e  o f  f  r o z  e n  l a v e r

t e m p e r a t u r e  o f  n o n - f r o z e n  l a 1 ' e r

d i s t a n c e  f r o m  t h e  s u r f a c e  o f  f r o z e n

laye r  t o  t he  bounda rv  f ace

the rma l  d i f f us i b i l i t l '  o f  i ce

the rma l  d i f f us i b i l i t v  o f  u ' a te r

hea t  dens i t y

d i s tance  f r om the  su r face  o f  f r ozen

laver

t r i g .  1  Ph l - s i ca l  Phenomenon

1 .  0 5  K c a l / m  h r  o C

0 .  344 Kca l /  m hr "C
0 . 4 7 5  K c a l / X g ' C
0 .  B B 9  K c a I / k g  ' C

9 B O  k g / m 3
1 ,  0 2 0  k g / m 3
+ 3 .  g o c
- 2 0 0 c

5 .  5  K c a I l  r n z  h r  " C
6 5 .  2  K c a l /  k g
8 0 . 0  K c a l / k g
h r
oc
oc

K c a l / m 3

x : d

X :  D

X : L

), .  l

). t 2

P t

9 z

Q r

Q z

C r

l a

h
T
l 1

T
t 2

0

t r

L 2

D

K r
K z

a
x

(8)

whe re

The f reez: rng condi t ions are assumed as fo l lows:  the medium is  in  contact  w i th  the

atmosphere of  temperature -20oC and in f in i te ly  large heat  capac i ty ,  and convect ion in

the  wa te r  phase  i s  neg lec ted .
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2 . Convers ion

In the equat ion o f  heat
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Le t  us  cons ide r  f r eez tng  p rocess  i n  un i t  a rea .

Hea t  con ta ined  i n  un i t  vo lume  i s

Q : P C P t

Pu t t i ng  (  12 )  i n to  (11 ) ,

a  o  a 2 ( 7 t ;
a  o  

-  
a x z

( r 2 )

( 1 3 )

Assume tha t  the  med ium to  be  f rozen,  w i th  th ickness  L ,  i s  d iv ided in to  n  par ts ,

a n d  t h e  a v e r a g e  t e m p e r a t u r e  o f  e a c h  p a r t  i s  t , ,  ,  l r r ,  t r s  "  "  t ,  n "

I f  each par t  has  vo lume dV (=  dx  x  1  m2) ,  heat  Q. 'con ta ined in  dv  is
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S i n c e  l , l <  2 o ' C ,  , o  l 1 , t  t  ) l  - u * ( 2 0  x  1 . 0  5 .
Taking a favorab le  sca le  fac tor ,  the computer  var iab le  is  set  to

I t  is  eas i l -y  unders tood that  the maximum o i  la i l  Oo""  not  exceed

w id th  o f  t he  pa r t i t i on  range  i s  se t  t o  0 .1  m .

Hence ,  t he  equa t i on  a f t e r  sca l i ng  becomes  as  i n  (  17 ) .
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o f  t he  com-In order to obtain a representat ion compat ib le wi th the machine uni ts
puter,  the graph of  Fig.  2 is changed to that  of  t r ig.  3.
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Operat ion of  Analog ComPuter

Al though the accuracy is much improved by div id ing the range as f inely as possible

in handl ing such di f ference equat ions as ment ioned in the above, in the present exper i -

ment,  a warer c iepth of  0.  B m is equal ly div ided into B steps at  0.1 m intervals,  ap-

proximat ing the total  range with 7 di f ference equat ions and an algebraic equat ion'

There are two ways of  set t ing boundary condi t ions at  x = Lm'
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The lat ter  means that a perfect ly insulat ing wal l  is  p laced at  x = L,  which may be

a good approximation if the wall is regarded as constituting a part of the refrigerating

chamber.  However,  the former has more pract ical  s igni f icance as an approximat ion

for inf in i te water depth.  Anyway, the mor" t r r"  range is div ided, the less error between

dif ferent ways of  appro* imai ion.  In the present report ,  at tent ion was focused on how

the solut ion waveform is af fected by the way of  set t ing boundary condi t ions Equat ions'
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The last  equat ion should be r eo laced  f o r  t he boundary condi t ion

4 0
10ft;T

r O  L ,

r  a * ,1 ,  
-u 

wi th
X . : L

1  a Q t -
T o r  d o  

- ( z l t ) g  -  ( , t t ) '  I
4 0  4 0  [

(2s')

( 3 0 )

( 3 1  )

1 , t t ) e  -  1--? 
o 

- -Z-T- f , " x 1
r e  - ; - F  x

!  \ ,

0 . 3 4 4 x 3 . 9 : 0 . 0 3 3 6

1 , ' 1  t  )  i  =  (Q i )  (The  f unc t i on  f o rm  i s  shown  i n  F ig .  3 . )

The  resu l t s  ob ta ined  by  ana l yz ing  t hese  equa t i ons  a re  i l l u s t ra ted  i n  t r i gs .  4  -  7 .

I t  shou ld  be  no ted  t ha t  cons ide rab le  d i f f e rences  occu r  depend ing  upon  the  bounda ry

cond i t i ons .  As  i s  c l ea r  f r om the  f ac t  t ha t  t he  bounda r l ' co r - rd i t i ons  a f f ec t  t he  so lu t i on

less  a t  t he  v i c i n i t y  o f  t he  su r face ,  i t  may  be  supposed  tha t  t he  more  t he  range  i s

d i v i ded ,  t he  l ess  e r ro r  due  t o  d i f f e rence  i n  bounda rv  cond i t i ons .
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F ig .  9  D i sp lacemen t  o f  bounda ry  f ace

D i s c u s s i o n

(1)  In  the present  exper iment ,  the po in t  o f  0 .  B m depth was a lways he ld  e i ther  a t  a

tempera tu re  o f  3 .9 "C  o r  a t  t empera tu re  g rad ien t  0 ,  f o r  compu t i ng  t empera tu re

changes  a t  po in t s  o f  0  -0 .7  m  dep th .  These  da ta ,  howeve r ,  a re  no t  r es t r i c t ed

to  t he  0 .  B  m  bounda ry ,  depend ing  upon  t ime  sca le  keep ing  ope ra t i on .  Fo r  i ns tance ,

t empera tu re  t r ans i t i on  a t  1  m  dep th  ob ta ined  by  se t t i ng  0 .  B  m  dep th  a t  3 .9oC  can

be  read  as  t h ; . t  r ' i  1  m  dep th  ob ta ined  by  keep ing  B  m  dep th  a t  3 .goc ,  i f  t he  t ime

a x i s  i s  c o r - r - r p r e s s e d  1 /  l 0  t i m e s .

(2 )  S ince  t he  da ta  D :ese  r - r t ec i  he re  a re  ob ta ined  by  app rox ima t i on
the  so lu t i on  . ' .  a ' , ' e - : .  r - : r - s  : : , . r c  3  s teo - . ' , ' i se  t r ans i t i on ,  d i f f e r i ng

t h o s e  e x p e c t e c j  o : t : : - .  l t : . . - - : ' - , -  r :  - . ' s i c : . -  l l - : P r t o r r e f l ? .  T h i s  i s

approx imat ion is  : : - . : . . - i , .  i - , ' : ,  a : r C  i t r  o r d e r

cu rves ,  app rox ima t i o : - -  s : - o - : -  :

H o w e v e r ,  w h e n  f i n e r  c i v i * . - ' :

e r r o r  m a y  b e  a u g m e n t e i  C o : - - i l ' r r t ' .

w i t h  d i v i s i on - i n -8 ,
cons iderab ly  f rom

inev i tab le  so long as
to  ob ta in  smoo th

p o t e n t i o m e t e r s .  I t  s e e n s  c i e s : : - - . :  .

compu te r  capac i t y  pe rm i t s ,  i : t ' e . ' . : t '

d i f ferent ia l  equat ions are anaLr-z  c- , : : .

Integrat ing ampl i f ier
Summing ampl i f ier
Sign changer
Potent iometer
Dead zone uni t
D iode

r - -  r  r A F  S

i a r g e  a s  t h e
the par t ia l

- - :  d :

'.','h et-r

( 3 )  The  d i sp lacemen t  o f  t he  bounda r . . '  l - r e : .  - :e a:rd.  , , r 'ater is plot ted as a funct ion
o f  t ime  i n  F ig .9 ,  i n  wh i ch  t he  cL . r \ , ' es  : ) r ' . - . . - r e : r i  so l xe  d i sacco rd  depend ing  upon  the

bounda ry  cond i t i ons  app rox ima t i ns  i : r i - : . - : e  dec th ,  u ' h i l e  t hey  ag ree  f a i r l y  
" ve l l

w i t h  each  o the r  i n  t ime  sho r te r  t han  JC t  l r r *< .  Th i s  i s  a l so  asc r i bed  t o  t he  p rob lem

o f  d i v i s i on  number  s ta ted  i n  ( 2 ) :  t he  l a rge r  t he  number  o f  d i v i s i ons ,  t he  l ess  e r ro r
due  t o  bounda ry  cond i t i on  se t t i ng .  I ' r  t h i s  ana l ys i s ,  d i sp lacemen t  o f  bounda ry
laye rs  w i t h i n  t he  same  sec t i on  i s  no t  t aken  i n to  cons ide ra t i on .

Th i s  compu ta t i on  was  execu ted  i n  response  t o  a  reques t  f r om the  Enq inee r i ng

Facul ty ,  Kanazawa Univers i ty .  The model  employed was HITACHI 505 High
Prec i s i on  Ana log  Compu te r .  I f  po ten t i ome te rs  a re  saved  as  much  as  poss ib l e ,

t he  necessa ry  compos i t i on  i s  as  f o l l ows :
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